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It is shown that, unlike the case of (vacuum) solutions describing isolated bodies, 
conformal Killing fields are not excluded by the structure of vacuum gravitational 
magnetic monopoles at null infinity. The resulting dilation must be constant. 
This brings support to the viewpoint that such solutions might have a role to 
play in the understanding of gravitational entropy and time's arrow. If, in 
addition, a Maxwellian magnetic monopole (Dirac string singularity) is available, 
the ratio of the total magnetic charge (magnetic mass) over the total electric 
charge (mass) can be identified. This common feature between the gravitational 
and the electromagnetic interaction finds its origin in the space-time topology. 

1. I N T R O D U C T I O N  

Al though  much  a t t en t ion  has  been  devo ted  to i sometr ies  admi t t ed  by  
so lu t ions  (to E ins te in ' s  so lu t ion)  descr ib ing  i so la ted  gravi ta t ing bod ies ,  i.e., 
a sympto t i ca l l y  flat space- t imes ,  li t t le has been  done  on more  exot ic  so lu t ions  
emerg ing  f rom the ava i lab i l i ty  of  specific nont r iv ia l  topolog ies ,  such as 

those  o f  the  N U T  or  K E R R - N U T  fami ly  ( s u p p o s e d  to descr ibe  the gravi ta-  
t ional  ana logues  o f  the  (Di rac )  Maxwe l l i an  magne t i c  monopo le s ) .  

We focus here on such so lu t ions  and  show tha t  confo rma l  i sometr ies  
are not  e x c l u d e d  by  the i r  s t ructure  ( M a g n o n ,  1986a-c;  M a g n o n  and  Guo ,  
1987) at  nul l  infini ty ( c o m p a c t  # ) ,  which  is not  the case for  i so la ted  bod ies  
with an s Z x  R t o p o l o g y  at # ) .  However ,  the  d i l a t ion  p a r a m e t e r  mus t  be 
constant .  As a resul t  o f  ou r  analysis ,  we are able  to set a re la t ion  be tween  
the rat io  o f  the  to ta l  magne t i c  mass  and  to ta l  mass  o f  such a space- t ime  
and  its M a x w e l l i a n  ana logue :  a specific source- f ree  Maxwel l  field can be  
se lec ted  v ia  the  s t ructure  (charac te r i s t i c  da ta )  at  nul l  infinity,  which  prov ides  
the  iden t i f ica t ion  of  these  rat ios.  This br ings  out  a c o m m o n  feature  be tween  
the g rav i t a t iona l  and  e l ec t romagne t i c  in te rac t ions  ( M a g n o n ,  1986a-c,  
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1987a,b; Magnon and Guo, 1987). Since gravitational magnetic monopoles 
could play a role in the definition of gravitational entropy or time's arrow 
(Magnon, 1986a-c, 1987a; Magnon and Guo, 1987), the availability of a 
conformal isometry inducing constant dilation could enable further investi- 
gations. 

2. PRELIMINARIES AND NOTATION 

Let (AT/, gab) be a space-time, i.e., a four-dimensional manifold with 
smooth metric g,b. 

We assume the existence of a conformal Killing vector field ~:o: 

= k ob (1) 

for some scalar field k on hT/. If  k = 0, s ca is a Killing vector field. 
We shall be concerned here with space-times that are asymptotically 

NUT at conformal null infinity. Such space-times are suitable for the 
description of gravitational magnetic monopoles, have been investigated in 
Magnon (1987a), and can be characterized by a manifold M with boundary 
~, smooth metric gob, and smooth scalar field fl (on M), and a mapping 
from hT/to M such that 

(i) O n  gob = n 2 i o b .  
(ii) On J ,  ~ = 0, Val~ ~ 0 gab Va~ Vbl~ : 0. 

(A4, gab) is called the physical space-time, (M ,  g o b , ~ )  an asymptote of 
(A 7/, gab), and ~, null infinity, is a boundary added to the physical space-time 
at infinite distance in null directions. The topology of ~ is that of a U(1) 
fiber bundle over 9 ~, the 2-sphere of its null generators (Hopf fibration over 
S 2) due to nonvanishing of the second cohomology class of the space-time 
manifold M. 

Various fields can be defined or pulled back on ~. Let i* denote the 
pullback operation. Define no = ffol~. One has the following fields on ~. 

1. gob = i*(gab), a degenerate metric with signature (0, +, +). 
2. _n ~ = i*(n~) ,  the null generators of 5~. 
3. e_ ab~ =- i*( e"b~dnd ), which can be reduced to the condition s_ob~_e~b~ = 6. 
4. _Kob~a = i * ( f U ~ C ,  bcd), the spin 2 field on 5~ that encompasses the 

falloff of the Weyl tensor Cob~d along the null directions. 

5. gab  = amn_E bpqi*(~'~-l fmnpq) 

* g a b _  = -EamnEbpqi*rl~'~-lErs- \2 mn C~pq:~ = i*(Ut  l c a m b n  n m r l n )  

- -  g R t ~ b )  - -  g t g o b  N a b = g _ a ~ i * ( R ~ b  l c - 
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(where ~ is the scalar curvature ~f the 2-sphere base space of 5~), which 
are the electric and magnetic components of the spin 2-field and the News 
tensor at 5~, respectively. 

3. CONFORMAL ISOMETRY AND CONSTANT EXPANSION 

We first prove that the expansion associated with a conformal Killing 
vector field must be constant. 

T h e o r e m  1. Let (M, gob) be a space-time that is (i) vacuum, (ii) 
asymptotically NUT (Magnon, 1987a,b; Magnon and Guo, 1987), (iii) with 
nonvanishing mass. Let ~a s.t. ~egab = k~ab. Then k must be constant (not 
necessarily vanishing). 

Proof. Le t /~  = f g ~ k .  This is one of the conformal Killing data of ~=, and 
satisfies 

Vakb =--~cVcSab" " -- kSab - 2 g, cds~( j T  b )~d (2) 

where S~b =/~ob ' " " - ~Rgab. 
Since the space-time is vacuum, Vg/~b = O: /~a is a constant Killing vector 

field. Furthermore, the affine colineation equation 

V , f T  bk'~ = C~b~dk d : 0 (3) 

implies that /~ must be a constant null field a n  ~ in the neighborhood of 
any point where Cabcd r O, thus inducing a supertranslation _a_n ~ at 5~. The 
action of the mass (resp. dual mass) on a supertranslation has been intro- 
duced as follows (Magnon, 1986a). 

Let lo be a covector on N such that nolo = -1 .  I f a  gravitational magnetic 
monopole is present, the assumption Nab = 0 is reasonable, implying the 
following definitions of the total mass M and magnetic mass M*, respec- 
tively: 

M = f ge_ob~ * K ~ " i , ~  d S  ~b (4) 
. /  

= [ ~EabcKemlm d S  ab (5) M *  
d 

for any cross section c~ of ~r and any supertranslation a_n ~. 
Since 

a * K ab = i * ( ~ - l  ca"b '~anmn, , )  

r., arnbn 
= r._ g nmnn 
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then Cabcdan a =0 (for the supertranslat~on induced by ~) implies that 
must vanish if the total mass M does not vanish. This implies that k must 
be constant in a suitable neighborhood of ~. 

We now proceed to show that k does not vanish in the generic case: 
~:a is a conformal isometry generating a constant dilation. 

Recall that in the absence of radiation (Nab = 0) 

M= afd,_, cr M*= f 

where f and g are functions on 0 ~ (Magnon, 1986a). 
Furthermore, it is easy to show that 

~eC,,b~d = 0, ~r = g,,b( k + 212-~e12) = xgab 

imply 

~g~b = xgab, where ( = i*(~) 

~_~n a =�89 ~ 
ab 1 ~ _ g  = ~( k -  5x)_K ~ 

~ , _ / r  ab = �89 5X) *_K a~ 

~ g f =  - �89  @g = - �89 

Let u denote an affine parameter along the orbits of g. Then 

d f / f  =-�89 + 3x) du 
implies 

(6) 

(7) 

(8) 

(9) 

(~0) 

r f (u)  = f ( 0 )  exp[  - ~  

Thus, f (0)  and g(0) govern the values of K ab and *Kab-- the  characteristic 
datum at ~ (Magnon, 1986a). 

Since 5~ is compact, if the orbits of ~: are closed, a reasonable assumption 
(Magnon, 1987a), u and ~o X(u )d~  take bounded values, thus enabling 
nonzero values of k: ~: is a conformal isometry generating a constant dilation 
(The result also could have been derived from the expression for g.) �9 

4. MAGNETIC MASS (OR CHARGE) TO MASS (OR ELECTRIC 
CHARGE) RATIO 

We know from Magnon (1986a) that, in the absence of radiation 
(Nab = 0), an infinitesimal supertranslation an a (a  a function on ~)  can 
be restricted, provided a is everywhere positive, to a = const. 
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This follows from the gauge-invariant equation 

- ~ a  = const (12) g_""D,,aD, a - g  m"DmD, a 1 2 

This in turn implies that M and M* are characterized by the values of f 
and g, respectively. 

The explicit expressions (11) for f ( u )  and g(u) at any point on an 
orbit of _~ imply the following: 

Theorem. Given an asymptotically NUT space-time, the value of the 
ratio of the total magnetic mass over the total mass is given by f(O)/g(O), 
and is thus provided by the characteristic datum of the space time at 5. 

A similar derivation can be accomplished if a (source-free) Maxwell 
field is available on the space-time under consideraion. Since the vacuum 
condition ( ~ b  = 0) is no longer available in this case, one has to assume, 
in addition to the asymptotic NUT-like structure at 5 ~, the existence of a 
conformal isometry inducing a constant dilation. 

For a Maxwell field Fab s.t. ~eF, b = 0, conditions similar to conditions 
(8)-(10) can be derived for E a and B ~, the electric and magnetic components 
of F,b with respect to s r (a null observer). The values f (0)  and g(0) can be 
chosen as characteristic data for F,b, thus implying an identification of the 
two ratios. 

One can summarize the situation as follows. Each gravitational mag- 
netic monopole solution to Einstein's equation with conformal Killing vector 
field associated with a constant dilation selects a specific Maxwellian mag- 
netic monopole solution such that the ratios of the magnetic and electric 
charges can be identified. This can be interpreted as a unifying feature 
between gravity and electromagnetism via solutions that could be useful in 
the early universe and cosmology. 
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