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It is shown that, unlike the case of (vacuum) solutions describing isolated bodies,
conformal Killing fields are not excluded by the structure of vacuum gravitational
magnetic monopoles at null infinity. The resulting dilation must be constant.
This brings support to the viewpoint that such solutions might have a role to
play in the understanding of gravitational entropy and time’s arrow. If, in
addition, a Maxwellian magnetic monopole (Dirac string singularity) is available,
the ratio of the total magnetic charge (magnetic mass) over the total electric
charge (mass) can be identified. This common feature between the gravitational
and the electromagnetic interaction finds its origin in the space-time topology.

1. INTRODUCTION

Although much attention has been devoted to isometries admitted by
solutions (to Einstein’s solution) describing isolated gravitating bodies, i.e.,
asymptotically flat space-times, little has been done on more exotic solutions
emerging from the availability of specific nontrivial topologies, such as
those of the NUT or KERR-NUT family (supposed to describe the gravita-
tional analogues of the (Dirac) Maxwellian magnetic monopoles).

We focus here on such solutions and show that conformal isometries
are not excluded by their structure (Magnon, 1986a-c; Magnon and Guo,
1987) at null infinity (compact #), which is not the case for isolated bodies
with an S x R topology at $). However, the dilation parameter must be
constant. As a result of our analysis, we are able to set a relation between
the ratio of the total magnetic mass and total mass of such a space-time
and its Maxwellian analogue: a specific source-free Maxwell field can be
selected via the structure (characteristic data) at nuli infinity, which provides
the identification of these ratios. This brings out a common feature between
the gravitational and electromagnetic interactions (Magnon, 1986a-c,
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1987a,b; Magnon and Guo, 1987). Since gravitational magnetic monopoles
could play a role in the definition of gravitational entropy or time’s arrow
(Magnon, 1986a-c, 1987a; Magnon and Guo, 1987), the availability of a
conformal isometry inducing constant dilation could enable further investi-
gations.

2. PRELIMINARIES AND NOTATION

Let (M, §.,) be a space-time, i.e., a four-dimensional manifold with
smooth metric 2.
We assume the existence of a conformal Killing vector field £°:

$§g~ab = kgap (1)

for some scalar field k on M. If k=0, £? is a Killing vector field.

We shall be concerned here with space-times that are asymptotically
NUT at conformal null infinity. Such space-times are suitable for the
description of gravitational magnetic monopoles, have been investigated in
Magnon (1987a), and can be characterized by a manifold M with boundary
4, smooth metric g,;,, and smooth scalar field Q (on M), and a mapping
from M to M such that

(1) On M, gab =92§ab°
(ii)) On %, Q=0,V,0#0 gV, QV,Q=0.

(M, §.,) is called the physical space-time, (M, g.,, ?) an asymptote of
(1\71, £.4), and £, null infinity, is a boundary added tc the physical space-time
at infinite distance in null directions. The topology of # is that of a U(1)
fiber bundle over ¥, the 2-sphere of its null generators (Hopf fibration over
S?) due to nonvanishing of the second cohomology class of the space-time
manifold M.

Various fields can be defined or pulled back on 4. Let i* denote the
pullback operation. Define n, =V ). One has the following fields on 4.

8a» = i*(gup), a degenerate metric with signature (0, +, +).

n®=1i*(n"), the null generators of 4.

£% = i*(£%*p,), which can be reduced to the condition £ **°g . = 6.

Kopea = I*(Q 7' Capea), the spin 2 field on S that encompasses the
falloff of the Weyl tensor C,;.y along the null directions.

b bpq . -1
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(where R is the scalar curvature 8f the 2-sphere base space of ), which
are the electric and magnetic components of the spin 2-field and the News
tensor at %, respectively.

3. CONFORMAL ISOMETRY AND CONSTANT EXPANSION

We first prove that the expansion associated with a conformal Killing
vector field must be constant.

Theorem 1. Let (M, §.,) be a space-time that is (i) vacuum, (ii)
asymptotically NUT (Magnon, 1987a,b; Magnon and Guo, 1987), (iii) with
nonvanishing mass. Let &° s.t. £:8., = k§.. Then k must be constant (not
necessarily vanishing).

Proof. Let Ea = ﬁak. This is one of the conformal Killing data of ¢ and
satisfies

6alzb = —gcecgab_kgab —2§Cds~c(aeb)§~d (2)
where S, = R, —tRé.. o 3

Since the space-time is vacuum, V ,k;, = 0: k“ is a constant Killing vector
field. Furthermore, the affine colineation equation

6aeblgc = Cabcdlgd =0 (3)

implies that k° must be a constant null field an® in the neighborhood of
any point where C,,q # 0, thus inducing a supertranslation an® at 4. The
action of the mass (resp. dual mass) on a supertranslation has been intro-
duced as follows (Magnon, 1986a).

Let I, be a covector on .# such that n®l, = —1. If a gravitational magnetic
monopole is present, the assumption N,, =0 is reasonable, implying the
following definitions of the total mass M and magnetic mass M™, respec-
tively:

M = J X Eape *Kcm_lm dsab (4)
€

M* = J g§abCK Cm_lm dsab (5)
€

for any cross section € of #, and any supertranslation an®.
Since
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then Cqan® =0 (for the supertranslation induced by ¢) implies that «
must vanish if the total mass M does not vanish. This implies that k must
be constant in a suitable neighborhood of %.

We now proceed to show that k does not vanish in the generic case:
£° is a conformal isometry generating a constant dilation.

Recall that in the absence of radiation (N,, =0)

M=J afd¥, M*=J’ agdS
& g

where f and g are functions on & (Magnon, 1986a).
Furthermore, it is easy to show that

$§Cabcd = 07 g‘fgab = gab(k+2Q_1$§Q) = X8ab

imply
Le8ab=X8as»  Where £=i%(§) (6)
ZLen® =3(k—x)n° (7
LK =3(k~5x)K® (8)
LFK™ =3k—5x) *K* (9)
Lef=—3k+3x)f, Leg=-3k+3x)g (10)

Let u denote an affine parameter along the orbits of & Then

df/f=—3(k+3x) du
implies

) =10) exp| =2 [ "t ai (1

0
Thus, £(0) and g(0) govern the values of K* and * K “*—the characteristic
datum at ¥ (Magnon, 1986a).

Since 4 is compact, if the orbits of £ are closed, a reasonable assumption
(Magnon, 1987a), u and (; x(#) dii take bounded values, thus enabling
nonzero values of k: £ is a conformal isometry generating a constant dilation
(The result also could have been derived from the expression for g.) M

4. MAGNETIC MASS (OR CHARGE) TO MASS (OR ELECTRIC
CHARGE) RATIO

We know from Magnon (1986a) that, in the absence of radiation
(N, =0), an infinitesimal supertranslation an® (a a function on &) can
be restricted, provided a is everywhere positive, to @ = const.
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This follows from the gauge-invariant equation
g™ DpaDya — g™ DD, —1%Ra’ = const (12)

This in turn implies that M and M™ are characterized by the values of f
and g, respectively.

The explicit expressions (11) for f(u) and g(u) at any point on an
orbit of ¢ imply the following:

Theorem. Given an asymptotically NUT space-time, the value of the
ratio of the total magnetic mass over the total mass is given by f(0)/g(0),
and is thus provided by the characteristic datum of the space time at 4.

A similar derivation can be accomplished if a (source-free) Maxwell
field is available on the space-time under consideraion. Since the vacuum
condition (R, =0) is no longer available in this case, one has to assume,
in addition to the asymptotic NUT-like structure at %, the existence of a
conformal isometry inducing a constant dilation.

For a Maxwell field F,, s.t. £.F,;, =0, conditions similar to conditions
(8)-(10) can be derived for E“ and B“, the electric and magnetic components
of F,, with respect to ¢ (a null observer). The values f(0) and g(0) can be
chosen as characteristic data for F,,, thus implying an identification of the
two ratios.

One can summarize the situation as follows. Each gravitational mag-
netic monopole solution to Einstein’s equation with conformal Killing vector
field associated with a constant dilation selects a specific Maxwellian mag-
netic monopole solution such that the ratios of the magnetic and electric
charges can be identified. This can be interpreted as a unifying feature
between gravity and electromagnetism via solutions that couid be useful in
the early universe and cosmology.
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